Abstract-The development of techniques to solve the Set Covering Problem (SCP) have given rise a wide range of metaheuristic alternatives, some of them designed from the beginning to operate in binary search spaces, and other considering continuos spaces that requires adaptation intended to work with binary spaces. Black Hole and Soccer League Competition they were designed to work with continuous spaces and they have been adapted to operate in binary spaces: Binary Black Hole and Binary Soccer League Competition, respectively, aimed to solve problems in a binary domain, particularly the SCP. The present paper compare both implementation in a statistical way, involving the use of non-parametric tests and supported by R statistical computing enviroment, considering regularity and consistency of their results when both algorithm implementations are tested on the same benchmark sets.
I. INTRODUCTION
T HE need to find solutions to optimization problems either using complete or approximative techniques, has allowed the development of several alternatives with different approaches and models. Metaheuristic alternatives are suitable for high dimensionality problems where the main target is to find good solutions, but not the ideal optimal, in an acceptable time spend. The question that arises is how to establish if one algorithm implementation has better behavior than other one, or how to quantify the improvements achieved when some modifications or tuning have been introduced to a specific implementation.
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considering the regularity and consistency of their results when they are tested in the same set of benchmarks.
As is the usual in the domain of complex optimization problems helped by the metaheuristics field, each solution strategy arises from behaviors observed from the nature and then mapped to algorithms. The first one, named Soccer League Competition Algorithm (SLC), is based on soccer competitions where the best teams conformed by exceptional players improve their chances to win each match and each player attempts to become a soccer star or a super soccer star player [1] . The second one, named Black Hole Algorithm (BH) [2] , [3] is based on previous work of the particle swarm optimization algorithm with newly convergence elements [4] , [5] . It defines an universe of a constant number of stars moving around static locations called black holes and when a star is swallowed by a black hole then a new random star is born.
Both algorithms work with a set of individuals moving around a search space but with different strategies, all of them aimed to reach best regions that improve they fitness and escape from the local optima. Both SCP and BH were designed to work in continuous search spaces and its adaptation to a binary domain have been performed by different ways: the Binary Black Hole (BBH) algorithm lies on transfer and binarization functions [6] , Binary Soccer League Competition (BSLC) lies on the Hamming distance reduction approach instead.
As mentioned above, the comparison is performed considering a statistical approach based on regularity and consistency of the results. A methodological mean-analysis applying non-parametric statistical tests is performed according preconditions required by each of them. Shapiro-Wilk, Kolmogorov-Smirnoff-Lilliefors, Wilcoxon-Mann-Whitney, Levene, ANOVA an unpaired t-test are used to define a best choice in each of the 55 different scenarios.
The section II formulates the SCP with its main elements. The BH and how it works in searching for optimal is discussed in section III. The section IV describes the original SLC designed for continuous search spaces, while in section IV-C a binary adaptation of SLC is introduced. The comparison for both algorithm implementations are addressed in section VII and in section IX the conclusions are drawn.
II. THE SET COVERING PROBLEM The Set Covering Problem is one of 21 NP-Hard problems [7] presents in a wide variety of optimization scenarios.
Since its introduction in 1972 by Karp [8] it has been used in optimization problems of elements locations providing spatial coverage such as telecommunications antennas [9] , community services [10] , urban transportation crews planning [11] , metallurgical industry [12] , safety and robustness of data networks [13] , construction structural calculations [14] , focus of public policies [15] among others.
x j ∈ {0, 1} ∀j ∈ {1, 2, ..., n}
In general words, let S be the union of n sets. An element is covered by a set if the element is in the set. A cover of S is a group of the n sets such that every element of S is covered by at least one set in the group. The SCP challenge is to find a cover of S with minimum size. That is, minimizing expression Eq. (1) and complying with Eq. (2) and Eq. (3).
III. THE BLACK HOLE ALGORITHM Farahmandian and Hatamlou presents in [2] a strategy intended to find solutions for optimization problems, conceiving the idea of an universe conformed by stars orbiting a unique and fixed center, a black hole refered as X BH , in a population-based algorithm approach similar to those used in genetic techniques [16] or particles swarm [17] .
The X BH is a fixed star in the search space, having the best fitness value regarding other stars or, equivalently, the lowest value for a defined function called objective function intended to minimize. The star's motion is performed by an operator of rotation that moves each of them iteratively around X BH , causing along the process the collapse of some stars into the black hole by gravitational effect, the creation of new stars randomly as an exploration strategy, or bringing the creation of a new black hole as an exploitation strategy. The universe's motion process ends when a detention criteria is reached, being the current X BH the best known solution found for the problem.
A. The Big Bang stage
This stage consists in the creation of an initial universe conformed by a set of nStar stars built randomly. Stars may be replaced during the iteration process but its amount remains fixed throughout the process. The algorithm 1 shows the mechanism for building a new universe, also applied in intermediate steps of star replacement. Let X i be a star, then: where StarBuilder(n) function creates a new feasible random binary star, i.e. a feasible solution vector with dimension n. 
The black hole X BH will be those X i with the lowest fitness value regarding the rest of stars in the universe.
C. The rotation operator
The operator of rotation sets a new position for each star X i other than X BH which remains in a fixed position. The new position of X i at iteration t + 1, considering its initial position at t iteration is defined by Eq. (4) below:
where i ∈ {1, 2, ..., nStars}, X d stands for any d-dimension of the solution, X BH is black hole position, rand() is a random number with uniform distribution in [0,1].
D. Collapsing into the black hole
A star closer to the black hole at a distance called event horizon is inevitably captured and permanently absorbed by it, being replaced by a new star generated randomly. In other terms, the collapse of a star occurs when it exceeds the radius of Schawarzchild (R).
Farahmandian and Hatamlouy intend in [16] to determinate the distance of a star X i to the radius R as:
where f BH (X BH ) and f B H(X i ) are the black hole and the X i star fitness value, respectively. A star X i will collapse when its distance at the black hole is less than R as indicated in Eq. (5) . Aimed to manage the tolerance threshold calculating the event horizon, we incorporate an additional parameter s ∈ [0, 1] to the algorithm, to modify the minimum allowable proximity to the black hole, measured in function of its fitness. Thus, a star X i will colapse into the black hole if:
IV. THE SOCCER LEAGUE COMPETITION ALGORITHM SLC is introduced by Moosavian in [1] and defines a set of n teams set of players or feasible solutions called teams. Each team T is conformed by n f p fixed players FP and n sp substitute players SP.
A player X = (x 1 , x 2 , ..., x d ) will belong to the fixed or substitute class depending of its performance level rank. The performance level or power player is defined by a function P P : R n → R. If two solutions X i and X j verifies that P P (X i ) > P P (X j ), then we will say that X i has a better performance than X j . For each team T , the player having the higest player power value is called super player, X SP . Likewise, considering all teams we can find the super star player, X SSP , as the player with the best power player.
Given the player power function P P , we can generalize and define the team power T P as follow:
A. Stochastic criteria
Two teams faced in a match will result in one single winner always. If T P A and T P B are the team power for T A and T B , respectively, the probability of victory for T A facing T B is given as follow:
In a similar way, we can calculate the probability of victory for T B , P V B . It results that P V A + P V B = 1. Then, given a random number r ∈ [0, 1] and P V A defined as Eq. (8) we can define the winner team in a time t as shown in algorithm 2:
Algorithm 2 Definition of the winner team between T A and
T A is the winner 5: else 6: T B is the winner
B. Movement operators
For the winner team defined above, the imitation and provocation operators are defined. In the other hand, the mutation and substitution operators are defined for the looser team. The imitation operator will attemp to move each fixed player of the winner team towards X SSP or X SP aimed to improve its player power, calculating two feasible candidate solutions, X a and X b , using Eq. (9) and Eq. (10) as follow:
where
and τ 1 , τ 2 ∼ (0, 2) are random numbers with uniform distribution as is indicated in [1] . The algorithm 3 shows how imitation operation does work, moving FP(t) to the new position FP(t + 1) when its player power is improved.
The provocation operator will attempt to move each substitute
player SP towards the centroid or gravitational center G defined by Eq. (11), aimed to improve its player power.
Then, two new candidates X r and X s are calculated as follow:
where χ 1 ∼ U (0.9, 1), χ 2 ∼ U (0.4, 0.6) are random numbers with uniform distribution as is indicated in [1] . The algorithm 4 shows how the provocation operator does work, moving SP(t) to the new position SP(t + 1) when its player power is improved. In other case, it is replaced by a new random generated feasible solution.
Algorithm 4 Provocation criteria
SP(t + 1) ← X r 5: else if P P (X s ) > P P (SP(t)) then 6:
For the looser team, the fixed players will attempt to apply small changes to avoid repeating the match failure by using some mutation operator like Genetic Algorithm (GA). Also, some substitute players will be replaced by promising young talents by applying a crossover operator but not considered in the binary adaptation of SLC.
C. Binary versions of BH and SLC
Gómez introduces in [18] a strategy to allow BH to work in binary search spaces, using transfer and binarization functions, thus mapping non-binary values to the {0, 1} n domain. Jaramillo presents in [19] a binary adaptation approach using Hamming distance reduction instead vectorial algebra, dicretization and binarization functions. For the imitation operator it proposes two new candidates X a and X b as follow:
other case (15) where rand() ∼ U (0, 1) is a random generated value with uniform distribution and p imitation is a probability of imitation defined as an initial parameter of the model. The provocation operator uses a new centroid point definition, BG built from G in Eq. (11) but considering the probability to have 1 or 0 in the dimension d as follow:
A mutation operator for fixed players could be considered as follow:
where rand() ∼ U (0, 1) is a random generated value with uniform distribution and p mutation is a probability of mutation defined as initial parameter of the model.
V. SOLVING SCP USING BBH AND BSLC
BBH and BSLC require both a fitness function definition. For BBH the Eq. (1) of SCP can be used to define f BH (X) = 1/ x i c i when SCP faces a minimum optimization problem, or its inverse in case of maximum. In the same way, BSLC can define its player power function as P P (X) = 1/ x i c i when SCP faces a minimum optimization problem, or its inverse in case of maximum. Feasibility based on constraints Eq. (2) and Eq. (3) are specific of each implementation and are not covered in this paper.
VI. PERFORMING BBH AND BSLC EXPERIMENTS
The implementation of both algorithms were tested using the same SCP benchmark problem sets. Problem sets 4 -6 are taken from Balas and Ho [20] . Problem sets A -D are from Basley [21] . Problem sets NRE and NRF are taken from [22] . The data sets is provided by the OR-Library website [23] and available for free download in Internet. Problem sets 4 and 5 contain 10 instances each. Problem sets 6, A -D, NRE and NRF contain 5 instances each. Table I shows details for each problem set. The density value corresponds to the percentage of ones in the constraint matrix.
The goal of the comparison is focused in contrasting regularity in the BBH and BSLC outcomes and proximity to the best known solution for each instance tested.
BSLC did use 10 teams, conformed each one of them by 15 fixed and 10 substitute players. BBH did use an universe conformed by 250 stars. Each instance test was run 31 times for both BBH and BSLC in order to obtain a median value for each experiment.
The summary of results is shown in the 
VII. STATISTICAL COMPARISON APPROACH
In the metaheuristic field, performing a statistical analysis using parametric tests is not suitable as result of the stochastic nature of the evolutionary algorithms. This due to the fact that required conditions as normality, homoscedasticity and independence are not satisfied, as is demonstrated in [24] and [25] . However, when normality is not guaranteed, Wilcoxon and Wilcoxon-Mann-Whitney might be an appropriate option in order to compare populations, considering medians instead means.
Lanza and Gómez use in [26] a methodological approach to compare different algorithms implementation, considering the regularity and consistency of their results, as is shown in Fig. (1) .
Using the Mann-Whitney-Wilcoxon test is possible to check if the population distributions of two evolutionary algorithm outcomes are identical without assuming them to follow the normal distribution. For this purpose, the non-normality and independence conditions must be checked first in order to choose a suitable contrast test.
A. Non-Normality condition
In order to check that a normal distribution is not present in the outcomes, Kolmogorov-Smirnov-Lilliefor (KSL) and Shapiro-Wilk (SW) tests are performed for each instance, helped by R statistical computing environment.
KSL-test [27] is used to compare the accumulative distribution observed with a reference probability distribution, in this case a normal distribution; a p value > 0.05 implies that there is no evidence to reject the null-hypothesis H 0 , that accumulative distribution observed and the reference distribution are the same. In the other hand, SW-test [28] defines a null-hypothesis H 0 as the population is normally distributed; a p value > 0.05 implies that there is no evidence to reject H 0 .
As the result sets were obtained by evolutionary algorithms, the main idea of this stage is to prove that there is evidence to reject a normal distribution, i.e. the null-hypothesis H 0 in KSL, or SW or both, for each instance.
B. Independence of the samples
Two data samples are independent if they come from distinct populations and the samples do not affect each other. Each run executed corresponds to independiente process running in a virtualized computing environment; the values in one sample (run result) does not affect the values in the other sample, and values in one sample reveal no information about those of the other samples, thus we can establish the sample independence. Figure (1) addresses the test to apply in each instance and the Table III shows the results. Note that the Wilcoxon-MannWhitney test is the predominant. This fact is expected due the no-normality and independence conditions is met by almost all the instance outcomes.
2) Wilcoxon-Mann-Whitney test execution: A cross test between the BBH and BSLC outcomes is performed using R. In both cases, a redefinition of the alternative-hypothesis H 1 is set and the main idea is to reject the null-hypothesis H 0 in order to accept H 1 .
The first test defines a H 1 as X BBH > X BSLC . If a p value < 0.05 is obtained, then there is evidence to reject H 0 , accepting H 1 , i.e. BSLC's outcomes are statistically better than BBH. In a similar way, the second test defines a H 1 as X BSLC > X BBH . If a p value < 0.05 is obtained then there is evidence to reject H 0 , accepting H 1 , i.e. BBH's outcomes are statistically better than BSLC.
The summary of results for each instance is shown in Table IV . Values less than 0.05 are marked with * symbol. As we can see, there is not significant evidence to choose one implementation or other for most instances. Figures (2-4) shows boxplot for each instance.
In respect of instances 4.1, 4.2, 6.5, the unpaired test was defined as the suitable test to perform according the methodology in Fig. (1) . In a similar way, the ANOVA test has been selected in order to perform comparison in instances 4.9, 5.5, A.3, NRE.5, NRF.2 and NRF.4. However, a normal distribution is an unexpected result in evolutionary algorithms, as previously mentioned in Section VII due to its stochastic nature.
As suggested by Demšar in [29] , the Kolmogorov-Smirnov and similar normality test have a little power in detecting abnormalities on small samples. With the purpose of having a third evidence, D'Agostini-Pearson (DA) normality test is applied. The values obtained are shown in Table V , keeping the same evidence of KSL and SW tests. Figures (5-6) show a boxplot for these instances. Regardless the results evidenced in Table V , Wilcoxon-Mann-Whitney test is performed on these datasets to address location comparison under a non-normality assumption.
VIII. ANALYSIS OF RESULTS
Based on the statistical results obtained by Wilcoxon-MannWhitney test, there is a slight tendency to define the BBH algorithm as better than BSLC, regarding all instances covered in the experiments performed in this work.
For instances 5.3, D.1, D.3, NRE.3, NRF.5 there is evidence towards BBH and it can be confirmed by their respectives boxplot in Fig. (2) and Fig. (4) where BBH have better location of the median than BSLC. In the other hand, instances C.5 and D.2 show evidence towards BSLC, and its respective boxplots in Fig. (4) confirms the above, where BLSC shows better location of the median than BBH.
The non-normality condition appears to be not required in order to perform a Wilcoxon-Mann-Whitney test when data sets have been generated by an evolutive algorithm. This is evidenced comparing numerical results in Table VI against the boxplot representation for this instances in Fig. (5 -6) , where both conclusions that can emerge do fit. In particular, the instance 4.2 shows a better location of the BBH's median value than BSLC and it can be evidenced numerically by the result in Table VI . The other instances referred in the same group with unexpected normality distribution evidence, as result of KSL and SW tests, show statistically no preference towards BBH or BSLC. That is a preliminary conclusion that must be confirmed or rejected by performing more comprehensive experiments that are beyond the scope of this paper.
IX. CONCLUSIONS
In this paper an approach to compare two algorithms implementation has been performed using non-parametric test. The outcomes for each algorithm implementation have been analyzed by a statistical approach which concludes that BBH's outcomes shows in general a better regularity and consistency than BSLC when they are tested over 55 benchmark for the SCP. It is possible to observe a correlation between the statical and the empirical implementation selection, indicating that 85.5% of the instances there is no preferences towards BBH or BSLC.
The Shapiro-Wilk and Kolmogorov-Smirnov tests could be not enough in order to confirm o reject evidence for a normal distribution when a sample is obtained from an evolutionary algorithm, as has been shown in the experiments for certain instances in this paper. This can be due irregularity in the sample or a result related with the sample size, where small values can give distorted results, as Instance NRF.4 is suggested by Demšar in previous papers, requiring more experiments to be addressed in order to set a conclusion properly. How ever, regardless Kolmogorov-Smirnov and Shapirho-Wilk, non-normality condition appears to be not required in order to perform a Wilcoxon-Mann-Whitney test when data sets have been generated by an evolutive algorithm.
